Ternary codes and Jacobi forms  by Choie, YoungJu & Solé, Patrick
Discrete Mathematics 282 (2004) 81–87
www.elsevier.com/locate/disc
Ternary codes and Jacobi forms
YoungJu Choiea ;1, Patrick Sol*eb
aDepartment of Mathematics, Pohang University of Science and Technology, Pohang 790-784, South Korea
bESSI, Route des Colles, Sophia Antipolis 06 903, France
Received 1 April 2002; received in revised form 24 November 2003; accepted 3 December 2003
Abstract
In this paper we study the bivariate theta-series which can be attached to the complete weight enumerator of ternary
codes. We give an injective homorphism between the ring of invariants of a certain matrix group and the ring of Jacobi
modular forms. This generalizes to Jacobi forms a result of Brou*e and Enguehard [Ann. Sci. *Ecole Norm. Sup. 5 (4)
(1972) 157–181] on classical modular forms.
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1. Introduction
Several types of cubic analogues of the classical Jacobi theta-series have been extensively studied in the context of the
cubic AGM [1,7]. By substitution of those Jacobi theta-series into the complete weight enumerator of a self-dual ternary
code of length n we obtain Jacobi forms of weight n and integral index. This substitution induces an homomorphism
between the ring of polynomial invariants of certain @nite group and the ring of Jacobi forms. This generalizes a classical
result of Brou*e and Enguehard for modular forms in one variable [5, Corollary 5.3].
2. Denitions and notations
First, recall the de@nition of Jacobi forms. We follow the notations given in [6].
Denition 2.1. Let H be the upper half plane of C. A Jacobi form of weight k and index m; (k; m∈N) on the modular
group (1) = SL(2;Z) is a holomorphic function  :H× C→ C satisfying
(1) (modularity) (c+ d)−ke−2
imcz
2=(c+d)
(
a+ b
c+ d
;
z
c+ d
)
= (; z); ∀ ( ac bd)∈(1),
(2) (ellipticity) e2
im(
2+2z)(; z + + ) = (; z); ∀(; )∈Z2,
(3) and having a Fourier development of the form∑
r264mn;r;n∈Z
c(n; r)qnr (q = e2
i; = e2
iz):
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A linear code C of length n over the @eld F3 is an additive subgroup of Fn3 and an element of C is called a codeword.
Let |C| denote the number of codewords in C.
The inner product of x and y in Fn3 is given by
x · y = x1y1 + · · ·+ xnyn (mod 3); ∀x = (x1; : : : ; xn); y = (y1; : : : ; yn)∈ Fn3:
The dual code C⊥ of C is de@ned as C⊥ = {y∈ Fn3 | x · y= 0 for all x∈C}. If C = C⊥, then C is called self-dual. If C
is a self-dual F3-code then it is known that the length n ≡ 0 (mod 4).
The complete weight enumerator cweC of C over F3 is de@ned by
cweC(X0; X1; X2) =
∑
u∈C
X n0(u)0 X
n1(u)
1 X
n2(u)
2 ;
where nj(u) denotes the number of j components of u.
The Lee-weight enumerator WC of C over F3 is de@ned by
WC(X0; X1) := cweC(X0; X1; X1) =
∑
u∈C
X n0(u)0 X
n±(u)
1 ;
where n0(u) denotes the number zero components of u and n±(u) denotes the number of components of u which equal
1 or −1.
3. Jacobi theta-series
Several types of theta-series of one variable have been already studied [3,4] and it turns out that they give a connection
between Lee-weight enumerators of the ternary codes and modular forms [5].
In this section, we study the two variable theta-series which are analogues of the one variable theta-series studied
in [5]. This two variable theta-series is essential to understand the connections among the complete weight enumerator,
Lee-weight enumerator and Jacobi forms.
Let = e2
i=3 and @x y= 1√
3
(+ + 2), ; ; ∈Z. Consider the functions  j;y(; z); 06 j6 2, de@ned as follows:
for q = e2
i, = e2
iz , (; z)∈H× C,
 j;y(; z) =
∑
(m;n)∈Z2
q j
2=3qm
2−mn+n2+jm(2−−) j=3+(+)m−(+)n: (3.1)
Proposition 3.1. The above theta-series  j;y(; z); 06 j6 2, satis6es the following transformation formula:

 0; y(+ 1; z)
 1; y(+ 1; z)
 2; y(+ 1; z)

=


1 0 0
0  0
0 0 




 0; y(; z)
 1; y(; z)
 2; y(; z)

 (3.2)
and 

 0; y
(−1

;
z

)
 1; y
(−1

;
z

)
 2; y
(−1

;
z

)


=
1√
3
( 
i
)
e2
iy Ly(z
2=)


1 1 1
1  2
1 2 




 0; y(; z)
 1; y(; z)
 2; y(; z)

 : (3.3)
Proof. The @rst transformation formula follows directly from the de@nition of the theta-series  j;y. Using the Poisson
summation formula, one derives
 j;y
(−1

;
z

)
= 1√
3
( 
i
)
e2
iy Ly(z
2=)
2∑
j=0
e2
i( j
2=3) j;y(; z):
This gives the second transformation formula.
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4. The complete weight enumerator
In this section, we construct the Jacobi theta-series on a lattice. It turns out that the constructed Jacobi theta-series
over the lattice induced from a ternary code can be derived from the complete weight enumerator of the ternary code.
Furthermore, if the given ternary code is self dual, then the Jacobi theta-series on the induced lattice is, in fact, a Jacobi
form on SL2(Z).
Let K =Q();  = e2
i=3. Then it can be checked that the ring of integers OK of the number @eld K is given by
OK = {m+ n |m; n∈Z}:
Consider the homomorphism # :OK → Z=3Z sending  = a0 + a1→ #() = a0 + a1 (mod 3). Then the following fact
can be checked [see [5], pp. 130].
#(OK) ∼= Z=3Z ∼= F3:
So, this homomorphism # can be considered as the reduction map (mod$) from OK to Z=3Z, where $ is the principal
ideal generated by (1− ).
Remark 4.1. From the isomorphism given above, one can check that OK =
⋃2
j=0($ + j).
The lattice induced from the codes over F3 is given as follows; let # :O‘K → F‘3 be a natural homomorphism de@ned
by the reduction modulo the principal ideal $= (1− ) in each coordinate. Then the lattice induced from a code C over
F3 is given as
&C :=
1√
3
#−1(C):
Let x; Y ∈K‘; x = (x1; : : : ; x‘), Y = (y1; : : : ; y‘) with xi; yi ∈K; 16 i6 ‘. De@ne the induced symmetric bilinear form
on O‘K by
x · Y :=
‘∑
j=1
(xjyj + xjyj):
Here yj is the complex conjugate of yj .
Now we state the following result.
Theorem 4.2. Let C be a ternary code of length ‘ and &C be the lattice induced from C. For a given Y= 1√3 (y; y; : : : ; y)∈&C
such that (Y · Y )=2 = ‘y Ly=3∈Z+, de6ne a Jacobi theta-series (C;Y (; z) as
(C;Y (; z) :=
∑
x∈&C
q(x·x)=2x·Y ; where (; z)∈H× C:
Then the following holds:
(1) (C;Y (; z) = cweC( 0; y(; z);  1; y(; z);  2; y(; z)).
(2) Assume that C is a self-dual code over F3. Then (C;Y (; z) is a Jacobi form of weight ‘ and index (Y ·Y )=2=‘y Ly=3
on SL2(Z).
To prove the theorem, we recall the following MacWilliams identity for the complete weight enumerators of a ternary
code.
Lemma 4.3. Let C be a self dual ternary code of length ‘. Then the following holds:
cweC(X0; X1; X2) =
1
3‘=2
cweC

(X0 X1 X2)


1 1 1
1  2
1 2 



 :
Proof. See, for instance, [8, pp. 143].
We now prove Theorem 4.2.
84 Y. Choie, P. Sol.e / Discrete Mathematics 282 (2004) 81–87
Proof of Theorem 4.2.
(1) Let u be a codeword of C. Then
∑
x∈ 1√
3
#−1(u)
e2
i(x Lx)e2
i(x
LY+ LxY )z =
∑
x∈#−1(u)
e2
i(x Lx=3)e2
i((x
LY+ LxY )=
√
3)z
(
since OK =
2⋃
j=0
$ + j
)
=
(∑
x∈$
e2
i(x Lx=3)e2
i((x Ly+ Lxy)=3)z
)n0(u)( ∑
x∈$+1
e2
i((x Lx=3))e2
i((x Ly+ Lxy)=3)z
)n1(u)( ∑
x∈$+2
e2
i(x Lx=3)e2
i((x Ly+ Lxy)=3)z
)n2(u)
=  0; y(; z)
n0(u) 1; y(; z)
n1(u) 2; y(; z)
n2(u);
where nj(u) denotes the number of component of u which is equal to j. Summing over all codewords in C yields
the result.
(2) To check the modularity for the Jacobi form, it is enough to check the following two transformation formulas
because SL2(Z) is generated by
( 1
0
1
1
)
and
( 0
1
−1
0
)
; the periodicity can be checked directly from the de@nition, since
x Lx∈Z; ∀x∈&C ,(
(C;Y |‘; (Y ·Y )=2
(
1 1
0 1
))
(; z) := (C;Y (+ 1; z) =(C;Y (; z):
Next, (
(C;Y |‘; (Y ·Y )=2
(
0 −1
1 0
))
(; z) := −‘ · e−2
i(‘y Ly(z2=))(C;Y
(
−1

;
z

)
(from Theorem 4:2− (1))
= −‘ · e−2
i‘y Ly(z2=)cweC
(
 0; y
(
−1

;
z

)
;  1; y
(
−1

;
z

)
;  2; y
(
−1

;
z

))
(using the transformation formula of the theta-series given in Proposition 3:1)
(
i√
3
)‘
cweC

( 0; y(; z);  1; y(; z);  2; y(; z))


1 1 1
1  2
1 2 2




(from the MacWilliams identity in Lemma 4:3)
= i‘cweC(( 0; y(; z);  1; y(; z);  2; y(; z)) =(C;Y (; z):
The last equality follows from the fact that ‘ ≡ 0 (mod 4) for self-dual C. Next, we check the elliptic property for
any [; ]∈Z2,
((C;Y | Y ·Y
2
[; ])(; z) := e2
i((Y ·Y )=2)(
2+2z)(C;Y (; z + + )
= e
i(Y ·Y )
2e2
i(Y ·Y )z
∑
v∈&C
e
i(v·v)e2
i(v·Y )ze2
i(v·Y )e2
i(v·Y )
=
∑
v∈&C
e
i((v+Y )·(v+Y ))e2
i((v+Y )Y )z =(C;Y (; z):
This follows from the fact that &C is an integral lattice, (v ·Y )∈Z and that v+Y ∈&C , for any v; Y ∈&C; ; ∈Z.
Finally, one checks if (C;Y (; z) has the proper Fourier series expansion:
(C;Y (; z) =
∑
x∈&C
e
i(x·x)e2
i(x·Y )z =
∑
x∈&C
e2
i(x Lx)e2
i(x
LY+ LxY )z =
∑
x∈&C
qx Lxx
LY+ LxY
=
∑
N;R∈Z;4NY LY−R2¿0
c(N; R)qN R; q = e2
i; = e2
iz :
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5. Lee-weight enumerator
In this section we choose a special y to @nd the connection between Jacobi forms and Lee-weight enumerator. This
type of cubic theta-series has been extensively studied in [1,7] as an analogue of the classical Jacobi theta-series, take
y = 1√
3
(1− 2). Then from the formula given in 3.1, one has
 0; (1=√3)(1−2)(; z) =
∑
(m;n)∈Z2
qm
2−mn+n2m+n;
 1; (1=√3)(1−2)(; z) = q
1=3
∑
(m;n)∈Z2
qm
2−mn+n2+mm+n+1
and
 2; (1=√3)(1−2)(; z) = q
4=3
∑
(m;n)∈Z2
qm
2+n2−mn+2m2+m+n:
Remark 5.1. Note that  1; (1=√3)(1−2)(; z) =  2; (1=√3)(1−2)(; z).
The following proposition is the two variable analogue of the one variable theta-series studied in [5].
Proposition 5.2. The above theta-series  j; (1=√3)(1−2)(; z); j = 0; 1; 2 satis6es the following transformation formula:(
 0; (1=√3)(1−2)(+ 1; z)
 1; (1=√3)(1−2)(+ 1; z)
)
=
(
1 0
0 
)(
 0; (1=√3)(1−2)(; z)
 1; (1=√3)(1−2)(; z)
)
and 

 0; (1=√3)(1−2)
(−1

;
z2

)
 1; (1=√3)(1−2)
(−1

;
z

)

= 1√3
( 
i
)
e2
i(z
2=)
(
1 2
1 −1
)(
 0; (1=√3)(1−2)(; z)
 1; (1=√3)(1−2)(; z)
)
:
Proof. This is an immediate result using Proposition 3.1 and the fact  1; (1=√3)(1−2)(; z) =  2; (1=√3)(1−2)(; z). We omit
the detailed proof.
Remark 5.3. In [1,7] the identity involving bivariate theta-series
 0; (1=√3)(1−2)(; z) =
∑
(m;n)∈Z2
qm
2−mn+n2m+n;
 1; (1=√3)(1−2)(; z) = q
1=3
∑
(m;n)∈Z2
qm
2−mn+n2+mm+n+1
has been extensively studied.
The group G3 appears in [9, p. 225]. Note that the second generator is redundant there. Finally, we give a connection
between the Lee-weight enumerators of ternary codes and Jacobi forms. This result generalizes the result, given in [5],
which states the connection between the Lee-weight enumerators of ternary codes and modular forms. Before stating the
theorem, we recall MacWilliams identity for the Lee-weight enumerators of ternary codes.
Lemma 5.4. Let C be a self-dual ternary code of length ‘. Then the following holds:
WC(X0; X1) =
1
3‘=2
WC
(
(X0; X1)
(
1 1
2 −1
))
:
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Proof. See, for instance, [8, pp. 144].
Theorem 5.5. Let C be a ternary code of length ‘ and &C be the lattice induced from C. For a given Y0 = 1√3 (1 −
2; 1− 2; : : : ; 1− 2)∈&C , de6ne a theta-series (C;Y0 (; z) as
(C;Y0 (; z) :=
∑
x∈&C
q(x·x)=2x·Y0 ; (; z)∈H× C:
Then the following holds:
(1) (C;Y0 (; z) =WC( 0; (1=√3)(1−2)(; z);  1; (1=√3)(1−2)(; z)):
(2) Assume that C is a self-dual code of length ‘. Then (C;Y0 (; z) is a Jacobi form of weight ‘ and index (Y0 ·Y0)=2=‘
in SL2(Z).
Proof. The proof follows, using the transformation formula for theta-series given in Proposition 5.2 and Lemma 5.4, in
the similar manner as that of Theorem 4.2. We omit the detailed proof.
6. Invariant polynomials and ternary Jacobi forms
In this section we @nd a homomorphism between a certain ring of invariant polynomials, where the complete weight
enumerators (or the Lee-weight enumerators, respectively) of the self-dual ternary codes belong, and a ring of Jacobi
forms on SL(2;Z).
We mean that the invariant space under the action of the group G is the set C[X0; X2; : : : ; Xt]G of homogeneous
polynomials satisfying L · f(X ) = f(X ); ∀L∈G, with X = (X0; : : : ; Xt). Here, we assume that an t × t matrix L acts on
the polynomial ring C[X1; : : : ; Xt] as
L · f(X1; : : : ; Xt) = f
( ∑
16j6t
b1jXj; : : : ;
∑
16j6t
b‘jXj
)
;
where f∈C[X1; : : : ; Xt] and B = (bij).
In general, the following theorem gives a connection between an invariant space under G3 and a ring of Jacobi forms
on SL(2;Z). It generalizes a result of Brou*e and Enguehard of 1972 [2] on classical modular forms [5, Corollary 5.3].
Theorem 6.1. Let G3 be the matrix group of order 96 generated by M3; N3 where
M3 :=
1√
3


1 1 1
1  2
1 2 

 and N3 :=


1 0 0
0  0
0 0 

 :
Let f(X0; X1; X2) be a homogeneous polynomial of degree ‘; ‘ ≡ 0 (mod 4), in the invariant space C[X0; X1; X2]G3 . Take
y∈OK ; K=Q(e2
i=3) such that y Ly=3∈Z. Then f( 0; y(; z);  1; y(; z);  2; y(; z)) is in the space of Jacobi forms of weight
‘ with index ‘y Ly=3 over SL2(Z). The map is given by
f(X0; X1; X2)→ f( 0; y(; z);  1; y(; z);  2; y(; z)):
Proof. Since SL2(Z) is generated by
( 1
0
1
1
)
and
( 0
1
−1
0
)
, the transformation formula in Proposition 3.1 gives the modu-
larity.
To check the elliptic property, one check, by a direct computation, that, for each j = 0; 1; 2,
e2
i(y Ly=3)(z+) j;y(; z + + ) =  j;y(; z);∀(; )∈Z2:
This implies that
e2
i‘(y Ly=3)(z+)f( 0; y(; z + + );  1; y(; z + + );  2; y(; z + + ))
=f( 0; y(; z);  1; y(; z);  2; y(; z)):
Finally, the Fourier expansion can be checked again directly using the expansions of  j;y(; z).
Next, as a special case of the above theorem, we state the following theorem.
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Theorem 6.2. Let g(X0; X1) be a homogeneous polynomial of degree ‘; ‘ ≡ 0 (mod 4), in the invariant space C[X0; X1]H3 .
Here, H3 is the group generated by A; B, where A := 1√3
(
1
1
2
−1
)
given in Lemma 5.4 and B :=
(
1
0
0

)
. It is abstractly
isomorphic to SL(2; 3) of order 24.
Then g( 0; (1−2)(; z),  1; (1−2)(; z)) is in the space of Jacobi forms of weight ‘ with index ‘ over SL2(Z). The map
is given by
g(X0; X1)→ g( 0; (1−2)(; z);  1; (1−2)(; z)):
7. Examples
Example 7.1. The lattice E8 can be constructed as a &C with C the so-called tetracode, i.e. the unique self-dual code of
length 4. It is known that this code C has the following Lee-weight enumerator:
WC(X0; X1) = X
4
0 + 8X0X
3
1 :
So,
 40; (1−2)(; z) + 8 0; (1−2)(; z) 
3
1; (1−2)(; z)
is a Jacobi form of weight 4 and index 4. It is known fact that dim J4;4((1)) = 2 with two Eisenstein series as a basis
{E4;4(; z); E4;4;1(; z)} [see [6], pp. 23,25];
E4;4(; z) =
1
2
∑
r∈Z; r≡0 (mod 8)
qr
2=16(r + −r + · · ·) = 1 + q(4 + −4 + · · ·) + · · ·
and
E4;4;1(; z) =
1
2
∑
r∈Z; r≡4 (mod 8)
qr
2=16(r + −r + · · ·) = q(4 + −4 + · · ·) + · · · :
One can identify
 40; (1−2)(; z) + 8 0; (1−2)(; z) 
3
1; (1−2)(; z) = E4;4(; z) + 8E4;4;1(; z):
8. Conclusion
In [1,7] the identity involving cubic theta-series
 0;1=√3(1−2)(; z) =
∑
(m;n)∈Z2
qm
2−mn+n2m+n;
 1;1=√3(1−2)(; z) = q
1=3
∑
(m;n)∈Z2
qm
2−mn+n2+mm+n+1
has been extensively studied. It may be interesting to study further relations among the theta-series using Jacobi form
theory.
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